FRACTAL WAVELET DIMENSIONS

AND TIME EVOLUTION
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Abstract. In this paper we want to give a new definition of fractal di mensions as small scale behavior of the g-energy of wavelet transforms. This is a generalization of previous multi-fractal approaches. With this particular definition we will show, that the 2-dimension (^correlation di mension) of the spectral measure determines the long time behavior of the time evolution generated by a bounded self-adjoint operator acting in some Hilberspace W. It will be proved that for φ, φ G Ή we have where μψ^ is the spectral measure associated withy φ and φ. Therefore in the case of an operator having only pure point-spectrum, the long time behavior of the averaged time-evolution (1.1) of a non-zero φ is given by Wieners theorem 1 .
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On the other hand let φ 6 W con t belong to the continuous spectrum of A (see [4] for the notation) . Then the celebrated RAGE theorem that (see e.g. [4] ) states that for any compact operator Β we have τ ±jf A||Se-"^|| 2 -0 (asT-^oc).
In particular upon setting Β : ψ -* {φ \ ψ) φ we see that the mean evolution In this paper now we are concerned with a quantitative version of the last equation. It will turn out that the speed of decay towards 0 is determined by the fractal correlation dimension of the spectral measure.
The rest of the Paper is organized as follows. We start by presenting our main analysis tool, which is the wavelet transform. After that we introduce the wavelet-dimensions for any tempered distribution. The last part considers the relation between the correlation dimension an the averaged time evolution. §2 Introduction to wavelet transforms Consider the Schwarz space 5(IR) that consists of those functions that to gether with all their derivatives decay at infinity faster than any polynomial. A topology is induced by the semi-norms ll*lls(R),» l m = eup|i"^(*)|.
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Let 5+(IR) be the subset of those functions in 5(IR) whose Fourier transform is supported by the positive frequencies only. It is a closed sub-space of 5(H) and we equip it with the topology induced by 5(H). Since the Fourier transform of any function s G 5+(Ht) is smooth at ω = 0 and identically vanishing for ω < 0 we have that all moments for s vanish / +oo -oo (2.1) The wavelet transform [5] , [3] [16]of s G 5+(IR) with respect to the wavelet g G 5+(IR) is given by by
It can easily be shown (e.g. [16] , [10] that for θ, g G 5+(IR) the wavelet transform of θ G 5+(IR) with respect to g G 5+(H) is a highly localized function over the half-plane IH -IR x IR + . More precisely let 5(H) be the space of all functions Τ over the half-plane that are localized such that
These are actually semi-norm and 5(H) is a Fréchet space with the topology they induce. The wavelet transform is then a continuous map from 5+(IR) to 5(H). Now consider the wavelet synthesis M h · 5(H) -» 5+ (IR) with respect to h G 5+(IR). It is point-wise defined for Τ G 5(H) by
with any function h G 5+(IR) satisfying
Such a function h is called a reconstruction wavelet for g. In particular every wavelet in 5+(IR) is its own reconstruction wavelet up to some constant trivial factor. Upon reconstructing with g and analyzing with some other function h we obtain a simple relation between the wavelet transform with respect to h and the one with respect to g.
For g = h this is the so called reproducing kernel equation.
The wavelet transform of distributions.
Let η be a distribution in 5'(IR). By the usual duality approach we can define the wavelet transform with respect to g G 5+ via its action on Τ G 5(H) (\ν 9 
It can be shown [10] , that we may identify W g q with a function over the halfplane given point-wise by The identification is made through the (absolutely convergent) "scalar prod uct" The wavelet transform may be seen as a sort of mathematical microscope [8] , [1] whose position is given by b whereas a is the length-scale at which the object is examined. In particular it has been proved to be very useful in characterizing the local fractality (=local regularity) of functions [13] or even arbitrary distributions. For instance global Holder regularity of degree a is characterized by a uniform decrease of the wavelet coefficients at small scale:
If a > 1 and η < a < η + 1 with η G IN than one has to replace s by d?s and the statement is still valid. But even point-wise information is available. Suppose now that s satisfies at some point ίο at
with some polynomial P n of degree η and some α 6 (n.n + 11. Then
Vice versa if one knows, that globally the function is of Holder regularity with some arbitrary small regularity exponent e > 0 and if the wavelet transform satisfies (2.7), with a £ IN 0 , then there is a polynomial P n of degree η such that [13] , [14] [11]:
Thus the small-scale behavior of the wavelet transform reflects well the local fractality (=local regularity).
A functional calculus
Although we shall not make direct use of the results listed below we state them as instructive motivation for the rest of the paper. Consider a self-adjoint operator A acting in some Hilbert space and let R z = (A -z)~l be the resolvent of A. By the standard functional calculus
with dE\ being the spectral family. Thus the powers of the resolvent can be seen as a wavelet transform of the spectral family with respect to the wavelet h(t) = (t + i)~n or by taking matrix elements as wavelet transform of the spectral measures άμφ^(\) = (φ \ άΕχφ).
The half-plane of the wavelet transform is now the complex-half plane where the imaginary part corresponds to the analyzed scale and the real part to the position of the mathematical microscope. Note however that h is not in 5+(IR) but this actually poses no extra difficulties. Upon replacing t by A in the inversion formula (2.2) one might hope to get an expression for s(A). This can actually be established in a mathematically correct way [12] . In particular it has been proved that in a week sense we have for η > 2, g G 5+(IR) and A a self-adjoint operator (upon taking s(t) = e~t
with c = J 0°° άωω η~2 ^{ω)β~ω and the integral over the half-plane is under stood as limp-oo J^p db. This shows explicitly how the behavior for large Τ is determined by the behavior of R z at $tz ~ 1/Γ. Indeed suppose that the support of g is contained in an interval around ω = 1, then the in tegral over the complex ζ half-plane actually runs only over a strip around 5sζ ~ 1/Γ. Thus the long time behavior t -• oo of the time evolution is linked to the small scale behavior of some wavelet transform of the spectral measure, which in turn as we have seen is closely connected with local fractal properties (= local regularity properties) of the measure itself. This relation can actually be quantified as we shall see in the next sections. §3 The definition of the wavelet dimensions.
From now on we are only interested in local properties therefore we sup pose that all analyzed distributions η G S'(IR) are well behaved at infinity. More precisely we require that for all s G SÇ5R) we have s * η G 5(IR). This condition shall be assumed throughout. It is of purely technical nature and may be relaxed considerably from case to case. In particular note that the Fourier transform of such a distribution actually is a smooth function (however it is not localized). In addition we assume that η φ 0.
For every scale a we look at the mean-ç-energy at scale a
with q > 1.
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Note that for q -2 this actually is an energy since (e.g. 11>ν,^(-,α)ΐι; = Bernoulli measure-giving rise [9] to the definition of the fractal dimensions k(ç). However we shall use a slightly modified definition. We set Γ,(α,ς)= / -G g (a,q). Ja & For every q > 1 this is a monotone function of a. Therefore the limit a -* 0 exists, but may be infinite. This will always be the case if η is singular enough. In the opposite case when this limit is finite we subtract the constant
q). Jo a
To summarize we have
(g) and κ"(g) are now defined as follows
In the case that η -0 we set « ± (c) = 0. We shall reffer to these numbers as the upper and lower q-wavelet dimensions. Note that in this form the dimensions are defined for any distribution, in particular for measures and functions. This kind of integrated wavelet transform approach to define fractal dimensions, was introduced in [9] , where it also was shown, that for afine self-similar measures these dimensions coincide with the generalized fractal dimensions defined in [7] . More precisely we have = r(q) -(q -1) where r(q) is defined by the box-counting procedure as described in [7] (see also proposition (5.5)). Later variations of this approach have been considered [17] .
The fractal dimensions K~~(q) are actually well defined as is shown by the following theorem.
Theorem (3. 3) The dimensions ^±(g) do not depend on the analyzing wavelet g £ 5+(IR) for q > 1, provided g φ 0 and ^(ç)) < oc.
Proof: We start by rephrasing expressions like (3.2) . Only the first identity of this lemma is needed in this proof now, the rest however is for later reference. Therefore for 0 < t < 1 we have log*(<) > c . log* ~ logt 7 ' and thus upon passing to the limit t -* 0 we get α > 7 and since 7 < β was arbitrary we have <*>β.
Lemma (3,4) Let s(t) >
On the other hand for every J > β there is a sequence t n -• 0 such that
Therefore (logâ(t n ) -7logi n ) -• 00 and thus in particular if η is large enough log*(* n ) > 7log< n .
Therefore we have as ω -• 0, we may replace η by η -φ * η without modifying the dimensions. Now this later distribution satisfies at (3.5). Therefore by (2.5) the wavelet transform decays fast as a -» oo and thus we may replace by f°° in the definition of ; that is we may consider ΛΟΟ Τ r f («,*)=/ -||>ν,ικ.,α)|ΐ;. This is a nonnegative function that is rapidly decaying as a + 1/a gets large. It now comes using Jensen's inequality 
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The same type of relation holds for y and /i exchanged. Therefore the theorem will be now an imediate consequence of the next lemma that deals with such mean values.
Lemma (3.6) Let s(t), t > 0, be a nonnegative, monotone (= either nondecreasing or nonincreasing) function of at most polynomial growth near 0, s(t) = 0(t~m), (t -+ 0), for some m > 0
Near 00 we assume that it is bounded s(t) = 0(1), t > 1.
Let further H(t) be a nonnegative function that is arbitrarily well polynomially localized, namely H(t) = 0((t + l/i)~n),
for all η > 0. The integral on the right converges due to the high loclaization of Η and thus Γ (ί) = Oit 1 ) too as was to be shown for the first estimation. We now come to the second estimation. Suppose that the right hand side of the second inequality is oo. In this case clearly nothing is to prove. Therefore we may suppose now that there is a λ > 0 and a constant c > 0 such that
Then for the mean values r(<)= / -H(t/a)s(a)
We now pick e, 0 < e < 1, and keep it fixed. For 0 < t < 1 we split the integral defining r(t) into three parts.
r(t)=lj + J +J \-H(t/a)s(a)=X 1 +X 2 + X3
In the last term we may estimate s(t) = 0(1) and thus
Since H(t) is arbitrarily well polynomially localized it follows that X$ = 0(t n ) for all η > 0.
In X\ we may estimate sit) < t~m and thus it comes
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Since Η is arbitrary well polynomially localized the integral is rappidly decay ing and thus again X\ = 0(t n ) for all η > 0. It remains the main contribution which is the middle term . Be cause of (3.7) it follows that this estimate also holds for the sum of the three contributions and thus for all e > 0 we have
respectively
Since € was arbitrary the lemma is proved.
• Since we may exchange the roles of g and h the theorem is proved. The proof remains the same if lim a _H.o T g (a,q) < 00.
• Remark. The proof needed the high localization of the kernel Π^, which in turn reflects that the wavelets must be very regular with all moments vanishing. However for a fixed g, and a given e > 0 only some regularity is needed and some moments have to vanish in order to compute the dimensions K~(q) withour error and the dimensions « + (c) with error at most e. §4 Time evolution and the Dimension «(2).
In this section we want to establish a relation between the behavior to the Fourier transform of η and the fractal wavelet dimension κ{2). Some evidence for such a relation has been given in [15] . This question is of relevance whenever one considers the long time behavior Τ -> oo of e~~l TA where A is a self adjoint operator. Indeed in this case we have
where μψ 9 φ is the spectral measure associated to φ and φ. We are mainly interested in the time averages of the form
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The next theorem shows, how this time average is related to the dimension /c ± (2). We will prove the following theorem not only for measures but also for essentially any tempered distribution. - (2) This shows that if the the spectral measure of a bounded self-adjoint operator A has a certain 2 wavelet dimension then the long time behavior of e -iTA j s governed by this number. In particular for all 7 > -/c + (2) there is a constant c > 0 such that for Τ large enough
This shows, that the dacay (1.2) may me very slow if the spectral measure has an upper 2-wavelet-dimension that is close to -1, which would be the 2-wavelet dimension of the pure point spectrum. For a similar relation see [18] and [6] . For a different approach see [2] .
Proof: Let g € 5+ (IR) and consider W^r/. As we may, we suppose that g is compactly supported. Again we may suppose in addition that η(ω) = 0(ω τη ) for all m and that therefore the wavelet transform decays fast at large scale.
Suppose η £ L 2 (IR). This implies (see (3.1)) that 
-/ όω Η(ω/Τ) \η(ω)\\ Jo
And finally
Since H is non-negative and of compact support (since g is), we can find numbers λ > 0 and Λ > 0 such that
where χι is the characteristic function of J. Therefore Proof: This follows from (2.7) and the rephrasing of the definition of the dimensions given in lemma (3.4) .
• An other estimate of this type is well adapted to the situation where the support of the distribution does not contain any interval but rather has some Cantor set like structure. Here now both, the fractality of the support together with the local regularity exponent may be used to obtain an estimate for K~~(q)-As an example for what we mean by that look at δ and do. Both are supported by the origin, however the former is more regular. This is clearly mirrored in the dimensions where the former gives n^(q) = -q whereas the other is /c ± (ç) = -2ç First we need a suited definition of dimension for a set A C H. For all 6 > 0 consider the set of points at distance from A smaller or equal to e Thus we are done because of lemma (3.4).
• There is at least one class of distributions with support on a Cantor set, where all the dimensions can be computed explicitely. It are the afine selfsimilar measures that we shall present now.
Consider Ν > 1 finite closed, pairwise disjoint intervals I n . The disjointnes ensures that every interval is separated by a gap from its neighbors. Denote by JT the smalles interval that contains all the J n . Let T n : IR -• IR be affine maps whose restriction to J is onto I n . If we write T n : t -» X n t + ß n we assume λ η > 0. Now let Ν positive numbers p n with Σρ η = 1 be given. They are usually called the "a priory" probabilities, since the distribution we shall construct is a probability measure. It can be shown that there is exactly one probability measure that satisfies the following self-similarity equation for any Borel set Κ Now following the remark after the proof of theorem (3.3), for every q we may assume that the wavelet we use for the computation of the dimensions is compactly supported. Since the support of μ is contained in the union of the non-intersecting 7 n , for a small enough, the support of the wavelet will with at most one of the I n have at non-empty intersection. Therefore for a small enough, for each b the sum consists of at most one term and we may write 
71=1
The proposition follows now from the next lemma. The right hand sides are again a monotone functions that majorizes (minorize^ s and thus since s ± is optimal we have for 0 < f < mm{ß n } Ν S + (t)<J2<*n S + (t/ß n ), 
Lemma (5.6) Let s(t) be
